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The author presents the methods and results of numerical integration 
of universal laminar boundary-layer equations (in the one-parameter 
approximation) for a gas flow with large velocities, a Prandtl number 
equal to unity, and a linear relation between the dynamic viscosity 
and temperature. 

1. THE UNIVERSAL EQUATIONS IN A ONE-PARAM- 
ETER APPROXIMATION 

The sys t em of universa l  equations for  the laminar  
boundary l aye r  in a h igh-speed gas flow with a rb i -  
t r a r y  outer  veloci ty u l (x), a r b i t r a r y  ratio of body 
to f r e e - s t r e a m  tempera tu re  Tw/Too , and Prandt l  
number  equal to unity is, in the o n e - p a r a m e t e r  ap-  
proximat ion [1, 2], 

Os@ F+2f t  De@ h [ (~_~)~] 
O~ - - - - W +  2/P @ o ~  + ~ -  I + S - -  - -  - 

= ~ Fh a-T- a~,af, -- 07[ a~, ; 

o's + F + 2f, co as = 
O ~ I 221 0 

l (O| OS Or OS ) .  
= - ~ r t ,  g~ or, or, o~ ' 

O@ O -  .t O, S = S,, at ~ = 0 ;  
og 

O(I) 
- - - *  1, S-~0  at ~-* r 0r 

@ ffi @0(~), S = So(~) when f~ --- 0. 

The unknown functions @(~,fi) and S(~,fi ) a re  the 

(1) 

~reduced '  s t r e a m  function and heat  function, defined 
as 

d) = BW(V~A**), S =ho/ho~-- 1. (2) 

The independent var iables  in (1) a re  

= BY~A** (3) 

and the bas ic  bounda ry - l aye r  shape p a r a m e t e r  

I~ = (dV /dX)  a** ' / ,  w (4) 

0 

---~.) dY - - t r a n s f o r m e d  momentum th ickness ;  X, Y, 
. i t  

V--coordina tes  and velocity t r ans fo rmed  by the Doro -  
dni t syn-Stewar tson  t r ans fo rmat ion  [3]; Y / - - t r a n s -  
f o rmed  ou te r - f low veloci ty;  q~--transformed s t r e a m  

function; h0 and h0 l - - to ta l  enthalpy inside the boun- 
dary  l ayer  and of the outer  flow, respec t ive ly ;  u01-- 
kinematic  v iscos i ty  cor responding  to stagnation con-  
ditions in the outer  flow. 

The normal iza t ion  constant  B is de termined f rom 
the condition that fo r  f l  = 0 sys t em (1) should reduce  
to the cor responding  sys tem of equations for  a semi -  
infinite plate in para l le l  flow (the dot denotes d i f fer -  
entiation with respec t  to ~): 

~o + @0~0 = O; 

$o + @o $o = O; 

@o=0, d)0=O, S 0 = S .  

(J)o-*l, So-sO at 

at ~ = 0; 

Taking into account  that in the genera l  case  (h* ---- 

-- f (l + S - -  -~-i )dY is the transformed dlsplacement 
0 

thickness) 

F=2[g--(2+H)[,] ,  ~ = BI  -~-1~=o 

A _ *  l l + S - -  d;, 
H - -  A** B , 

0 

we have 

B = co{o). 

2. METHOD OF INTEGRATION OF SYSTEM (1) 

The sys tem of equations (1) was integrated on the 
BESM-2 computer  of the Leningrad Computing Center  
of the Academy of Sciences USSR for  the following 
values of the p a r a m e t e r  Sw: - 0 . 6 ;  - 0 . 4 ;  - 0 . 2 ;  0.2; 
0 .4 .  The method of integrat ion of the un iversa l  equa- 
tion for  the case  S w = 0 has been d iscussed  by 
Simuni and Terent tev  [4]. Introducing the notation 

a(1) ad) 

0~. #f, 

we rewr i te  sys t em (1) in the fo rm 

dSu F + 2fl (i)au fl ~, 
og ---7- + 2B' ~ •  + s - . ' )  = 
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( o. o .  t I Fh u + ; 

Ou Ov 

~32S F 4- 2I, Op a S  Fft u + v ; 

O ~ + 2B ~ 0 ~ - ~  

~ = - u = v - - O ,  S=S~o  at  ~ 0 ;  

u - * l ,  S ~ 0  at  ~ - ~ ;  

~o=r .=u0(~) ,  v=v0(~), 

S = So(~) when fl = O. (5) 

S y s t e m  (5) was  a p p r o x i m a t e d  by the f i n i t e - d i f f e r e n c e  
s c h e m e  (the i n d i c e s  i and k r e f e r  to f ixed  v a l u e s  of 

f l  and ~, r e s p e c t i v e l y )  

~i+l,k+l - - -  2~i+l,k-g~i+l,k--I 

+ - 

( Ui+l,k - -  Ui,k 
--(Ui'+l.k--l)(ui,k "4- 1)] = (Ffx), ui,~ Aft  + 

'k 2A~ ) 

A ~ [ /2i+l,k+l --//i ,k +1 .~ ui+l,_k-- t t i ,~ 

Ah / 

~i+,, ~+~ = q:b+l,~ + ~ -  (u.L ~+~ + u~+i,D; 

Si+l.~+l--2Si+l,~ + Si+l,k-1 , 
"3- 

/ F 4- 2h \ Sz,n+t - -  Si,~-, 

Si+l, k - -  Si,k Si,k+l - -  Si  ,It-1 ~; 
-- ~(Ffl)~ ui+~,~ All ~-vi+"~ 2A~ ] 

q) i .o=Ui ,o=Vi ,o=0;  Sz ,o=S~ at  ~ = 0 ;  

ui ,~= 1; Si .**=0 at  ~-- - -~;  

r = q~o (g); uo,k = uo (g); Vo.k = vo (~); 

S0,~ = S0 (~) when  ft = 0. (6) 

H e r e  A(  and Aft  a r e  the s t e p s  in the d i r e c t i o n  of  
a n d f l  , r e s p e c t i v e l y .  

S y s t e m  (6) was  s o l v e d  by the double  s w e e p  m e t h o d  

[5]. In t h e f l  d i r e c t i o n  the c a l c u l a t i o n  ex t ended  up to 
the  s e p a r a t i o n  po in t  in the e x p a n s i o n  r e g i o n  and up 

to the f o r w a r d  s t a g n a t i o n  po in t  in the c o m p r e s s i o n  
r e g i o n .  The  o u t e r  b o u n d a r y  of  the b o u n d a r y  l a y e r  was  
a s s u m e d  to be  at  ~ = 6. The  s t ep  s i z e  of A~ w a s  0.05.  
The  s tep  s i z e  in the f l  d i r e c t i o n  was  c h o s e n  so that  
the d i f f e r e n c e s  b e t w e e n  the v a l u e s  of the b a s i c  boun -  
d a r y - l a y e r  v a r i a b l e s  c a l c u l a t e d  with  ful l  s t e p s  and 
wi th  h a l f - s i z e  s t eps  was  l e s s  than one  o r  two uni t s  
in the fou r th  s i g n i f i c a n t  f i g u r e .  Thus  the s tep  s i z e  
v a r i e d  b e t w e e n  Afl  = 5 �9 10 - s  and Afl  = 0.3125 �9 10 - !  

3. N U M E R I C A L  R E S U L T S  

F i g u r e  1 shows  c u r v e s  of  the d i m e n s i o n l e s s  
v e l o c i t y  V / V l  = u / u  I = a~/O(  and the h e a t  func t ion  
S as  f u n c t i o n s  of ( f o r  s e v e r a l  v a l u e s  of  the shape  
f a c t o r f l  and Sw = 0.4. F i g s .  2 - 4  show c u r v e s  of the 

f r i c t i o n  p a r a m e t e r  ~, the func t ions  H and F,  the  
func t ion  e, which  c h a r a c t e r i z e s  the d e f l e c t i o n  of  the 
F c u r v e  f r o m  i t s  t angen t  a t  the p o i n t f l  = 0, and the 
r e d u c e d  h e a t - t r a n s f e r  c o e f f i c i e n t  ~ * = B(aS /0~  )~=0, 
as  func t ions  of  the shape  f a c t o r f ~  f o r  S w equa l  to 
- 0 . 4  and 0.4.  

F i g u r e  2 shows  tha t  in the c o m p r e s s i o n  r e g i o n  of  
the b o u n d a r y  l a y e r  the f r i c t i o n  on a coo led  w a l l  i s  
l e s s  than on a h e a t e d  wa l l .  In the e x p a n s i o n  r e g i o n  
the e f f e c t  i s  o p p o s i t e .  T h i s  e f f e c t  i s  due  to the change  
of d e n s i t y  of  the gas  i n s i d e  the l a y e r  due to the wal l  

t e m p e r a t u r e .  
The  e f f e c t  of the p a r a m e t e r  S w on s o m e  p r o p e r t i e s  

of the b o u n d a r y  l a y e r  at  the s e p a r a t i o n  poin t  ( f~sep 
and .~;s*ep) can  be s e e n  f r o m  F i g .  5. An i n c r e a s e  of 
S w (i. e.  a t r a n s i t i o n  f r o m  coo l ing  to hea t ing )  r e s u l t s  
in an e a r l i e r  s e p a r a t i o n  of  the b o u n d a r y  l a y e r .  F i g -  
u r e  5 a l so  shows  that  an i n c r e a s e  in the a b s o l u t e  
va lue  of S w r e s u l t s  in an i n c r e a s e  of the a b s o l u t e  
va lue  of the r e d u c e d  h e a t - t r a n s f e r  c o e f f i c i e n t  at  the  
s e p a r a t i o n  point ,  this  e f f e c t  be ing  s t r o n g e r  in the 
c a s e  of h e a t i n g  than in the c a s e  of coo l ing ,  

In add i t ion  to the n u m e r i c a l  so lu t ion  of s y s t e m  (1), 
th is  s y s t e m  was  a l so  r e p r e s e n t e d  in t e r m s  of  a s e r i e s  

o f t h e s h a p e f a c t o r s  fk = V~-'V~ k~ z**k (k = 1, 2 . . . .  ; 

z** :: \*'2!~0~) S t a r t i n g  f r o m  the o n e - p a r a m e t e r  so lu t ion  

(~(1), H0) ,  FU), and ~,( i )) ,  ob ta ined  n u m e r i c a l l y  by 

m e a n s  of a c o m p u t e r ,  the e f f e c t  of the s u b s e q u e n t  
p a r a m e t e r s  i s  found to be  (we g ive  h e r e  on ly  the  e x -  

p a n s i o n s  f o r  S w = - 0 . 4  and S w = 0.4): 

f o r  S w - - - 0 . 4  

; -~(~) --  0.213/0. - -  0.013fff~ + 0.068f3 + ... ; 

H = H r + 1.720/'2 + 7.418/ff~ - -  0.822/3 -4- ... ; 

F =- Y ( l ) - 0 . 4 2 6 f 2 - 3 . 4 6 6 f f f 2  + 0.136f3 + ... ; 

~, = ~,(t) + 0.066/,. + 0.894/,/2 - -  0.044f,~ + ... ; 

f o r  S~ = 0.4 

--- ~(') - -  0.385h + ... ; 

H = H (~) + 0.806/z + ... ; 

Y = Y ~ ) -  0.770/2 + ... ; 

~* = ~*(11__ 0,114/2 + .... 
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F ig .  1. Var ia t ion  of the d i m e n -  
s io rdess  ve loc i ty  (a) and hea t  
function (b) a c r o s s  the bound-  
a ry  l a y e r  in the ca se  Sw = 0.4: 
Z ) / t  = 0; 2 ) f  I = - 0 . 0 5 ;  3)/1  = 
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Fig .  2. Var ia t ion  of the f r i c t ion  
p a r a m e t e r  ~ and the p a r a m e t e r  
H with the shape f ac to r f l :  1 and 2) 

and ~ CR for  Sw ffi - 0 . 4 ;  3) 
for  S w = 0.4; 4 and 5) H and HCR 
for  S w = - 0 . 4 ;  6) H for  S w = 0,4, 
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Fig .  3. Var ia t ion  of F and e with 
the shape f a c t o r f z :  1 and 2) F 
and FCR for  S w = - 0 . 4  ; 3) F for  
Sw = 0.4; 4 and 5) ~ for  Sw = - 0 . 4  

and S w ffi 0.4. 
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Fig,  4, Var ia t ion  o r  the reduced  hea t -  
t r a n s f e r  coeff ic ient  ~ * (on the o rd ina te  
axis)  with the shape fac to r  f l  ( absc i s sas ) :  
i and 2) ~* and ~CR for S w = 0,4; 3) ~* 

for  Sw = 0.4. 
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At the p re sen t  t ime work is  in p r o g r e s s  on the 
approximate  in tegrat ion (in the o n e - p a r a m e t e r  approx-  
imation) of the universa l  equations of the l amina r  
boundary l a y e r  in a flow of homogeneous gas with 
Prandt l  number  equal to 0.72. However, even the 
p r e sen t  r e su l t s  for  P r  = 1 a re  quite valuable, since 
i t  has been shown in [6, 7] that the effect of the 
Prandt l  number  on the dynamic c h a r a c t e r i s t i c s  of a 
boundary l aye r  is p r ac t i c a l l y  insignif icant .  

4. COMPARISON OF THE ONE-PARAMETER METHOD 
OF SOLUTION OF THE BOUNDARY LAYER WITH 
THE METHOD OF COHEN AND RESHOTKO [8] 

Assuming al l  de r iva t ives  with r e spec t  to f l  in 
(1) as equal to zero,  we obtain a sys tem of o rd inary  
di f ferent ia l  equations, with f l  as p a r a m e t e r .  As is 
well  known, the p rob lem of a boundary l aye r  in a 
h igh-speed  gas flow becomes  s e l f - s i m i l a r  when the 
t r ans formed  velocity of the outer  flow is given as 
a power function of the length coordinate (C and m 
are  constants)  

Vz = CX% 

Introducing the express ions  

/ I=~B 2, F=2B2(1--~), l l = 2 m / ( m + l ) ,  

we can write the above system of differential equ- 

ations in the form 

~ + ~/5 = ~ ((b~ -- ~ - s), 

+ ~ s  = o. (7) 

This system is equivalent to the equations which 
have been obtained by Stewartson [3] and integrated 
by Cohen ,and Reshotko [9]. Using the class of exact 
solutions, these authors have proposed an approxi-  
mate method of calculat ion of the boundary l aye r  [8]. 

F r o m  what we have said above i t  follows that the 
method of Cohen and Reshotko can give sa t i s fac to ry  
r e su l t s  only in those cases  in which the der iva t ives  

of the unknown functions with r e spec t  to f l  a re  r e l a -  
t ively smal l .  This assumption holds in the c o m p r e s -  
sion region of the boundary layer .  However,  near  the 
separa t ion  point of the boundary l a y e r  the effect of the 
de r iva t ives  with r e spec t  to f l  i n c r e a s e s  (see,  e .g , ,  
Fig. 1) and the Cohen-Reshotko method does not lead 
to sa t i s f ac to ry  resu l t s .  

F igures  2 - 4  show in broken l ines the curves  of 

~CR, HCR' FCR'  and [* CR~ calculated by the 
Cohen-Reshotko method. The resu l t s  obtained by 
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Fig.  5. The effect of the. p a r a m e t e r  
Sw on the shape f a c t o r f l s e p  and the 
reduced h e a t - t r a n s f e r  coefficient 
~*ep at the separa t ion  point of the 

boundary layer .  

this method yield lower friction values in the ex- 
pansion region and premature separation. 
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